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Abstract
The actuator disk model (ADM) continues to be a popular wind turbine representation in large eddy
simulations (LES) of large wind farms. Computational restrictions typically limit the number of grid
points across the rotor of each actuator disk and require spatial filtering to smoothly distribute the applied
force distribution on discrete grid points. At typical grid resolutions, simulations cannot capture all of
the vorticity shed behind the disk and subsequently over-predict power by upwards of 10%. To correct
these modeling errors, we propose a vortex cylinder model to quantify the shed vorticity when a filtered
force distribution is applied at the actuator disk. This model is then used to derive a correction factor
for numerical simulations that collapses the power curve for simulations at various filter widths and grid
resolutions onto the curve obtained using axial momentum theory. The proposed correction therefore
facilitates accurate power measurements in LES without resorting to highly refined numerical grids.
1 Introduction
Blade-resolved simulations of wind turbines [1], which can directly calculate the lift, drag, loading, and deflec-
tion of the blades, are computationally costly and thus mostly limited to simulations of a single wind turbine.
In wind farm simulations, turbines are instead represented by actuator models, such as the actuator line
model (ALM) [2, 3] and the actuator disk model (ADM) [4]. Detailed simulations of wake characteristics and
loading are provided by ALM, which models the lift and drag along the blades as a distribution of forces [2, 3].
However, the coarse grid resolution needed when simulating very large wind farms, which are becoming more
prevalent, [5] or applying optimal-control methods [6] are often too costly for ALM. As a result, ADM, which
distributes the thrust force of the turbine across the swept area of the rotor, remains a popular wind turbine
representation [7, 8, 9].
For numerical stability of simulations using actuator models, the body force distribution (along the blades
in ALM or across the rotor swept area in ADM) is typically filtered via a convolution kernel [10, 11, 12, 13].
Unless the geometric footprint of the filtered force properly resolves the smallest scales of the shed vorticity,
the induced velocity defect is under-predicted, and hence power generation is over-predicted [12, 13]. A very
finely resolved actuator disk will shed a vortex cylinder of infinitesimal thickness at the edge of the disk [4],
as shown in Figure 1a. At the coarser resolutions typically used in simulations, an ADM under-predicts the
velocity gradient at the edge of the disk when compared to experiments [9], indicating under-resolved vorticity
generation. With only a few points across the rotor, the under-prediction of the induced velocity distribution
results in an over-prediction of power by 10% or more [14]. An alternative ADM formulation that uses the
Euler equations to directly model the infinitesimal vortex rings emanating from the actuator disk, mitigates
these issues and has power coefficient errors of less than 1% [15]. However, such simulations cannot model
the turbulent breakdown of the wake or be embedded in large eddy simulations (LES). Clearly, corrections to
ADM are needed to improve power coefficient predictions in LES of wind farms.
In this communication, we develop a correction factor for the power production of filtered actuator disks
by examining the structure of the shed vorticity. First, we derive a vortex cylinder model for filtered actuator
disks that predicts the disk-averaged velocity generated by the shed vorticity and compare these theoretical
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Figure 1: (a) Shed circulation η0 per unit length of the vortex cylinder behind an actuator disk (shown in
gray) and velocity induced at the disk δu. (b) Shed circulation distribution per unit area η(r) of the concentric
vortex cylinders shed by a filtered actuator disk (shown in gray). The velocity induced by the filtered force
δu(r) depends on the radial distance from the center of the disk. Note that the shed circulation and induced
velocity are negative in the coordinate system used.
predictions to simulations. Then, we derive a correction factor for use in simulations that collapses the power
coefficient measured at a range of grid resolutions and body force filter widths onto the power curve predicted
by axial momentum theory. Recent work on using similar considerations to derive corrections for the ALM
approach have led to the filtered actuator line model and improved results for ALM-LES [12, 13].
2 The filtered actuator disk
We follow the filtered local actuator disk formulation of Meyers & Meneveau[11] and Calaf et al.[10], which
writes the total thrust force F in terms of the local thrust coefficient C ′T , air density ρ, radius of the rotor
swept area R, and disk averaged velocity ud as
F = −1
2
ρpiR2C ′Tu
2
d. (1)
This thrust force is directed in the unit normal direction of the disk xˆ and is spatially distributed with a
normalized (integrates to one) indicator function R(x)
f(x) = FR(x) xˆ. (2)
The disk averaged velocity is expressed as a weighted average of the normal component of the velocity field
u(x)
ud =
∫
R(x)u(x) · xˆ d3x, (3)
with R(x) used as the weighting function.
The normalized indicator function for a disk of finite thickness s can be written with units of inverse volume
as
I(x) = 1
spiR2
[H(x+ s/2)−H(x− s/2)]H(R− r), (4)
where r is the radial distance along the disk written in terms of the transverse coordinate directions r2 = y2+z2
and H(x) is the Heaviside function. In order to avoid numerical problems, such as unphysical oscillations and
instabilities, that arise when applying sharp forces on grid points, a smoothed indicator function, obtained by
convolving I(x) with a filtering kernel G(x)
R(x) =
∫
G(x− x′) I(x′) d3x′ (5)
2
is typically used. In most implementations [10, 11]
G(x) =
(
6
pi∆2
)3/2
exp
(
−6‖x‖
2
∆2
)
(6)
is a Gaussian filtering kernel whose second moment is the same as a box filter of size ∆ [16]. The filter width
∆ = αh is the product of a factor of order unity α and the effective grid size1 h =
√
∆x2 + ∆y2 + ∆z2, where
∆x, ∆y, and ∆z are the grid spacings.
For the Gaussian-filtered indicator function R(x), there exists a convenient decomposition that splits the
indicator function into a product of normal and radial components
R(x) = R1(x)R2(r). (7)
The normal component
R1(x) = 1
s
(
6
pi∆2
)1/2 ∫ [
H
(
x′ +
s
2
)
−H
(
x′ − s
2
)]
exp
(
−6(x− x
′)2
∆2
)
dx′ (8)
has the analytic solution
R1(x) = 1
2s
[
erf
(√
6
∆
(
x+
s
2
))
− erf
(√
6
∆
(
x− s
2
))]
. (9)
The radial component
R2(r) = 1
piR2
6
pi∆2
∫∫
H
(
R−
√
y′2 + z′2
)
exp
(
−6(y − y
′)2 + (z − z′)2
∆2
)
dy′ dz′ (10)
can be computed numerically or evaluated analytically when ∆/R << 1 (see Section 4). This decomposition
proves useful for implementing the smoothed indicator function (5) in simulations and computing the vortex
cylinder model discussed in the following section.
3 A vortex cylinder theory for filtered actuator disks
To develop the vortex cylinder theory for filtered actuator disks, we use results from blade element methods
and the vortex cylinder model [4] with modifications to include the indicator function from the filtered actuator
disk. For each radial element of the disk, the lift on the blade per unit radius is given by
l(r) =
1
2
ρpiR2C ′Tu
2
dR2(r)2pir. (11)
For a large rotational speed Ω, the relative velocity over the blade is V = Ωr. Applying the Kuta-Joukowsky
theorem [17] with this relative velocity, the circulation distribution is
Γ(r) =
l(r)
ρV
=
pi2R2C ′Tu
2
dR2(r)
Ω
. (12)
The annular lift and circulation distribution will shed concentric semi-infinite vortex cylinders, as shown
in Figure 1b. The circulation strength per unit radius dΓ/dr is shed once per rotation of the rotor. During
one revolution of the rotor, the wake will travel a distance `adv. Assuming that the wake moves uniformly at
the disk velocity ud, this advection distance is
`adv = ud
2pi
Ω
. (13)
1The effective grid size is expressed as the geometric mean h = (∆x∆y∆z)1/3 of the grid spacings in some formulations [9].
3
Therefore, the shed circulation strength per unit area is
η(r) =
dΓ
dr
1
`adv
=
piR2C ′Tud
2
dR2
dr
. (14)
For a single semi-infinite vortex cylinder with infinitesimal thickness and circulation strength per unit area
of η(r) = η0δ(r − R), shown in Figure 1a, the only non-vanishing component of the axial induced velocity
is within the cylinder itself [18]. At the start of the disk, the axial induced velocity within the cylinder is
uniformly η0/2 [18]. For the circulation distribution in (14), we can superimpose the induced velocities for
each of the shed concentric semi-infinite vortex cylinders. At radial location r, the only contribution to the
induced velocity comes from cylinders with a radius r′ greater than r. Integrating the contributions and noting
that limr→∞R2(r) = 0, the induced velocity δu(r) at the rotor plane and along the radius is given by
δu(r)
U∞
=
1
2U∞
∫ ∞
r
η(r) dr = −piR2C
′
T
4
ud
U∞
R2(r). (15)
As in (3), the disk-averaged velocity can now be found by integrating the velocity at the disk U∞ + δu(r)
weighted by the radial indicator function
ud
U∞
=
∫ ∞
0
[1 + δu(r)]R2(r)2pir dr = 1− ud
U∞
(
piR2
C ′T
4
∫ ∞
0
R22(r)2pir dr
)
(16)
ud
U∞
=
(
1 + piR2
C ′T
4
∫ ∞
0
R22(r)2pir dr
)−1
. (17)
In the limit of a vanishing filter width ∆ → 0, the disk-averaged velocity of a filtered actuator disk (17)
tends to the solution of standard axial momentum theory, where the disk averaged velocity ud/U∞ = (1−a) [4]
and local thrust coefficient C ′T = 4a(1− a) [10, 11] are a function of the induction factor a. In this limit, the
filtered indicator function tends to a Heaviside function, i.e. lim∆→0R2(r) = pi−1R−2H(R − r). Therefore,
the disk-averaged velocity goes to
lim
∆→0
ud
U∞
=
(
1 +
C ′T
4
)−1
=
(
1 +
a
1− a
)−1
= (1− a), (18)
as predicted by axial momentum theory [4].
The disk-averaged velocity in (17) is compared to simulations of actuator disks under uniform inflow using
the pseudo-spectral code LESGO [8]. The inflow velocity U∞ is prescribed using a fringe region forcing that
spans 25% of the the domain [19]. The actuator disk with diameter D = 2R is placed in a domain Lx = 15.36D
long with a cross-section with dimensions Ly = Lz = 5.76D. The center of the disk is located 3D from the
inlet of the domain and in the center of the cross-section. All simulations have the same grid cell aspect ratio
of ∆x = ∆y = 4∆z. The Smagorinsky subgrid scale model with Cs = 0.16 is used for numerical stability;
however, the results are not affected by the value of Cs. Molecular viscosity is neglected. A number of
simulations at various C ′T , ∆, and h are run and the power coefficient CP = C
′
T (ud/U∞)
3 [11] is computed
from the simulation.
Despite the large domain, the simulations experience some blockage effect with the velocity slightly ac-
celerating at the edges of the domain. To correct for this blockage, we assume that the streamwise pressure
gradient will distribute the total mass flow rate lost at the rotor disk ρpiR2(U∞ − ud) equally across the cross
section of the domain; i.e. the velocity far from the rotor is U∞+(U∞−ud)piR2/(LzLy), very close to what we
observe in simulations. To obtain ud at the rotor, we need to subtract the extra velocity, and so the resulting
corrected disk-averaged velocity is ud − (U∞ − ud)piR2/(LyLz). This correction is small; even for the largest
local thrust coefficient C ′T = 2, the blockage terms correction on the power coefficient is approximately 3%,
which is much smaller than the largest filter-related power coefficient error.
The vortex cylinder theory described herein is compared to axial momentum theory and simulations with
various filter widths and grid resolutions in Figure 2a. All simulations over-predict the power coefficient
compared to axial momentum theory. The magnitude of this over-prediction is primarily dependent on the
filter width ∆ and relatively insensitive to resolution; i.e. for a given filter width ∆ = αh, all simulations
collapse onto the same curve regardless of α. Furthermore, the power curves predicted by the filtered vortex
cylinder model largely agree with the simulations, with some discrepancy at coarse resolutions with large local
thrust coefficients.
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Figure 2: (a) Comparison of power coefficient CP = C
′
T (ud/U∞)
3 curves for filtered actuator disk simulations
(symbols), filtered indicator function theory using (17) to compute ud (——), and axial momentum theory
(· · · · ·). (b) Comparison of the CP curve for filtered actuator disk simulations with correction factor (symbols)
and axial momentum theory (· · · · ·). Colors denote filter widths of ∆ = 0.517D (magenta), ∆ = 0.259D
(green), ∆ = 0.129D (blue), ∆ = 0.065D (red), and ∆ = 0.032D (cyan). Symbols denote grid sizes of
h = 0.172D (×), h = 0.086D (+), and h = 0.043D ().
4 Correction factor for simulations
The theory in Section 3 provides a means for correcting the disk-averaged velocity computed in simulations.
Instead of directly averaging using the filtered indicator function, as in (3), we introduce a correction factor
M to compute the disk-averaged velocity as
ucorrd = M
∫
R(x)u(x) · xˆ d3x. (19)
The correction factor M is found by ensuring that the disk-averaged velocity for the force satisfies the mo-
mentum equation
ucorrd
U∞
= (1− a) = 4
4 + C ′T
. (20)
Replacing
∫R(x)u(x) · xˆ d3x in (19) with (16) expressed using the corrected disk-averaged velocity ucorrd
ucorrd
U∞
= M
(
1− piR2C
′
T
4
ucorrd
U∞
∫ ∞
0
R22(r)2pir dr
)
, (21)
and replacing ucorrd /U∞ with (20), we can solve for the correction factor
M−1 = 1 +
C ′T
4
(
1− piR2
∫ ∞
0
R22(r)2pir dr
)
. (22)
Figure 2b compares CP computed using ud from simulations evaluated as in (19) and with M given by (22)
to the result of axial momentum theory. Except for the correction factor, the simulations are identical to
those of Section 3. As already noted in Section 3, for the uncorrected simulations, the power coefficient
depends on the filter width and in cases with large filter widths, greatly exceeds the Betz limit. After
applying the correction factor in (19), the dependence on the filter width is eliminated. Furthermore, the
power measurements collapse onto a single curve that differs only slightly from the axial momentum theory
predictions.
For small filter sizes, we can expand the integral in (22) using a Taylor series expansion in ∆ around ∆ = 0
and recalling that the integral is unity at ∆ = 0
piR2
∫ ∞
0
R22(r)2pir dr = 1 + ∆
d
d∆
[
piR2
∫ ∞
0
R22(r)2pir dr
]
∆=0
+O(∆2). (23)
5
Figure 3: Correction factors (22) computed numerically (·) compared to the approximate expression (25)
(——) for C ′T = 1 (red), C
′
T = 3/2 (green), and C
′
T = 2 (blue).
When ∆/R << 1, the curvature of the disk is negligible when evaluating the convolution (10), and the solution
for a Gaussian filter is equal to the one-dimensional convolution of the Gaussian with the Heaviside function,
i.e. R2(r) = 1piR2 12
[
1− erf (√6 r−R∆ )]. Replacing this equation into (23), making a change of variables
ξ =
√
6(r −R)/∆
d
d∆
piR2
∫ ∞
0
R22(r)2pir dr =
√
2
3pi
1
R
∫ ∞
−R
√
6
∆
[1− erf(ξ)] ξe−ξ2
(
1 +
∆√
6R
ξ
)
dξ, (24)
and evaluating at ∆ = 0 yields
√
2
3pi
1
R
∫∞
−∞ [1− erf(ξ)] ξe−ξ
2
dξ = − 1
R
√
3pi
. Therefore, for small ∆/R the
correction factor can be written as
M =
(
1 +
C ′T
4
1√
3pi
∆
R
)−1
. (25)
The approximate correction factor is compared to numerical integration of (22) in Figure 3, showing that the
approximation of M using the Taylor series expansion of the integral in (22) is valid up to ∆/R = 1.25 and
widely applicable for most LES grids.
5 Conclusions
The filtered ADM, which is often used in simulations of large wind farms, over-predicts power production, par-
ticularly at coarse grid resolutions. This discrepancy arises because the filtered body force does not adequately
resolve the semi-infinite vortex cylinder shed behind the actuator disk, which in turn under-estimates the ve-
locity defect induced at the rotor plane. The theory derived in this communication accurately predicts the
disk-averaged velocity induced by the concentric semi-infinite vortex cylinders shed behind the turbine when
compared to numerical simulations. The theory then provides a means for correcting the disk-averaged veloc-
ity in LES, which return the expected power curve from axial-momentum theory for various grid resolutions
and filter widths.
Acknowledgements
The authors acknowledge funding from the National Science Foundation (grant CMMI 1635430). Computa-
tions made possible by the Maryland Advanced Research Computing Center (MARCC).
6
References
[1] Vijayakumar G, Brasseur J, Lavely AW, Jayaraman B, Craven B. Interaction of Atmospheric Turbulence
with Blade Boundary Layer Dynamics on a 5MW Wind Turbine using Blade-boundary-layer-resolved
CFD with hybrid URANS-LES. In: 34th Wind Energy Symposium, AIAA SciTech Forum; 2016: 521.
doi: 10.2514/6.2016-0521
[2] Sørensen JN, Shen WZ. Numerical Modeling of Wind Turbine Wakes. J. Fluids Engng. 2002; 124(2): 393.
doi: 10.1115/1.1471361
[3] Mart´ınez-Tossas LA, Churchfield MJ, Yilmaz AE, et al. Comparison of four large-eddy simulation research
codes and effects of model coefficient and inflow turbulence in actuator-line-based wind turbine modeling.
J. Renew. Sust. Energy 2018; 10(3): 033301. doi: 10.1063/1.5004710
[4] Burton T, Jenkins N, Sharpe D, Bossanyi E. Wind Energy Handbook. John Wiley & Sons. 2011.
[5] Allaerts D, Meyers J. Gravity Waves and Wind-Farm Efficiency in Neutral and Stable Conditions.
Boundary-Layer Meteorology 2018; 166(2): 269–299. doi: 10.1007/s10546-017-0307-5
[6] Goit JP, Meyers J. Optimal control of energy extraction in wind-farm boundary layers. J. Fluid Mech.
2015; 768: 5–50. doi: 10.1017/jfm.2015.70
[7] Iungo GV, Santhanagopalan V, Ciri U, et al. Parabolic RANS solver for low-computational-cost simula-
tions of wind turbine wakes. Wind Energy 2017; 21(3): 184–197. doi: 10.1002/we.2154
[8] Stevens RJAM, Mart´ınez LA, Meneveau C. Comparison of wind farm large eddy simulations using actu-
ator disk and actuator line models with wind tunnel experiments. Renew. Energy 2018; 116(Part A): 470
- 478. doi: https://doi.org/10.1016/j.renene.2017.08.072
[9] Lignarolo LE, Mehta D, Stevens RJ, et al. Validation of four {LES} and a vortex model against stereo-
PIV measurements in the near wake of an actuator disc and a wind turbine. Renew. Energy 2016; 94:
510–523. doi: 10.1016/j.renene.2016.03.070
[10] Calaf M, Meneveau C, Meyers J. Large eddy simulation study of fully developed wind-turbine array
boundary layers. Phys. Fluids 2010; 22(1): 015110. doi: 10.1063/1.3291077
[11] Meyers J, Meneveau C. Large Eddy Simulations of Large Wind-Turbine Arrays in the Atmospheric
Boundary Layer. In: 488th AIAA Aerospace Sciences Meeting; 2010: 827. doi: 10.2514/6.2010-827
[12] Mart´ınez-Tossas LA, Churchfield MJ, Meneveau C. Optimal smoothing length scale for actuator line
models of wind turbine blades based on Gaussian body force distribution. Wind Energy 2017; 20(6):
1083–1096. doi: 10.1002/we.2081
[13] Mart´ınez-Tossas LA, Meneveau C. Filtered lifting line theory and application to the actuator line model.
J. Fluid Mech. 2019; 863: 269–292. doi: 10.1017/jfm.2018.994
[14] Munters W, Meyers J. An optimal control framework for dynamic induction control of wind farms and
their interaction with the atmospheric boundary layer. Phil. Trans. Royal Soc. A 2017; 375: 20160100.
doi: 10.1098/rsta.2016.0100
[15] van Kuik GAM, Lignarolo LEM. Potential flow solutions for energy extracting actuator disc flows. Wind
Energy 2016; 19: 1391–1406. doi: 10.1002/we.1902
[16] Pope S. Turbulent Flows. Oxford. 2000.
[17] Milne-Thomson LM. Theoretical Aerodynamics. Dover. 1973.
[18] Gibson IS. On the velocity unduced by a semi-infinite vortex cylinder: with extension to the short solenoid.
The Aeronautical Journal 1974; 78(762): 262–268. doi: 10.1017/S0001924000036903
[19] Stevens RJ, Graham J, Meneveau C. A concurrent precursor inflow method for Large Eddy Sim-
ulations and applications to finite length wind farms. Renew. Energy 2014; 68: 46–50. doi:
10.1016/j.renene.2014.01.024
7
